July 2001 UCB-PTH-01/29 

LBNL-48673 

Nonabelian Gauge Theories on Noncommutative 

Spaces 

D. Bracefl, B. L. CerchiaiQ, B. ZuminoQ 

Department of Physics 
<£ ', University of California 

rf, ', and 

Theoretical Physics Group 
Lawrence Berkeley National Laboratory 
£> ■ University of California 

in 

(N 

o 



Ph! 



Berkeley, California 94720 



Abstract 

In this paper, we describe a method for obtaining the nonabelian 
Seiberg-Witten map for any gauge group and to any order in 9. The 
equations defining the Seiberg-Witten map are expressed using a cobound- 
1}"! ary operator, so that they can be solved by constructing a correspond- 

i-^ ' ing homotopy operator. The ambiguities, of both the gauge and co- 

variant type, which arise in this map are manifest in our formalism. 
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1 Introduction 

Noncommutative field theories have recently received much attention after it 
was realized that in the presence of a background NS B-field, the gauge the- 
ory living on D-branes becomes noncommutative Jl| . Based on the existence 
of different regular izat ion procedures in string theory, Seiberg and Witten|| 
argued that certain noncommutative gauge theories are equivalent to com- 
mutative ones and in particular that there exists a map from a commutative 
gauge field to a noncommutative one, which is compatible with the gauge 
structure of each. This map has become known as the Seiberg- Witten (SW) 
map. In this paper, we give a method for explicitly finding this map. We 
will consider gauge theories on the noncommutative space defined by 

[x* * x j ] = i9 ij , (1.1) 

where 9 is a constant Poisson tensor. Then the "*" operation is the associa- 
tive Weyl-Moyal product 

f*g = fe& i **g. (1.2) 

We believe that our method is much more general, and can in fact be used 
even when 9 is not constant. 

In the next section, we review some previous work ||, which provides 
an essential starting point for our own. In Section 3, we replace the gauge 
parameters appearing in the SW map with a ghost field, which makes explicit 
a cohomological structure underlying the SW map f|. We then discuss the 
ambiguities that appear, distinguishing the gauge and covariant types. In 
Section 4, we define a homotopy operator, which can be used to explicitly 
write down the SW map order by order in 9. In Section 5, we discuss some 
complications that arise in this formalism and some ways to overcome them. 

2 General Review 

In this section, we review the formalism developed in M, which provides an 
alternative method for obtaining an expression for the SW map. 

The original equation which defines the SW map || arises from the re- 
quirement that gauge invariance be preserved in the following sense. Let a t , 
a be the gauge field and gauge parameter of the commutative theory and 



similarly let A iy A be the gauge field and gauge parameter of the noncom- 
mutative theory. Under an infinitesimal gauge transformation, 

5 a a,i = did — i[a,i, a], (2-1) 

5 A Ai = d t A-i[Ai*A] = d { A - i (At *A - A* Ai) . (2.2) 

Then, the SW map is found by requiring 

Ai + 5 A Ai = A i (a j + 5 a a j ,---). (2.3) 

In order to satisfy ( |2.3Q the noncommutative gauge field and gauge parameter 
must have the following functional dependence 

Ai = Ai(a, da,d 2 a, • • ■) ^ ^ 

A = A(a, da, ■ • ■ , a, da, ■ • •), 

where the dots indicate higher derivatives. It must be emphasized that a SW 
map is not uniquely defined by condition (|2.3|). The ambiguities that arise 
|| will be discussed shortly. 

The condition ( |2.3|) yields a simultaneous equation for Ai and A. For the 
constant 9 case, explicit solutions of the Seiberg-Witten map have been found 
by various authors up to second order in 9 0, || . The solutions were found 
by writing the map as a linear combination of all possible terms allowed 
by index structure and dimensional constraints and then determining the 
coefficients by plugging this expression into the SW equation. The method 
we will describe in the rest of the paper provides a more systematic procedure 
for solving the SW map. For the special case of a U(l) gauge group, an 
exact solution in terms of the Kontsevich formality map is given in J7| , while 
[§. |], [lO], |ll| present an inverse of the SW map to all orders in 9. 



An alternative characterization of the Seiberg-Witten map can be ob- 
tained following 0. In the commutative gauge theory, one may consider 
a field ip in the fundamental representation of the gauge group. If we as- 
sume that the SW map can be extended to include such fields, then there 
will be a field \l/ in the noncommutative theory with the following functional 
dependence 

* = *(><l>,dij>,---,a,da,---), (2.5) 

and with the corresponding infinitesimal gauge transformation 

6 a ip = iaip , (2.6) 



<5 A # = iA*^. (2.7) 

An alternative to the SW condition (|2.3| ) can now be given by 



* + 5 A ^ = ${ip + 5 a ip, ■■•,a j + S a aj, ■■■). (2.8) 

More compactly, one writes 

5 Aa V{^, %,•••) = <kW, %,•••)■ (2-9) 

The dependence of A on a is shown explicitly on the left hand side, and on 
the right hand side 5 a acts as a derivation on the function \l/, with an action 
on the variables ip an d a« given by ( |2.(j| ) and ( ^.1[ ) respectively. Next, one 
considers the commutator of two infinitesimal gauge transformations 

[6 Aa ,6 A0 ]* = [6 a ,6 ]V. (2.10) 

Since [6 a , 5p] = S_i\ a m, the right hand side of (|2.10| ) can be rewritten as 



<*-M* = 8 A _. M V = i\- i[aA -k ^ = A M] * ^. 

The last equality follows from the fact that A is linear in the ordinary gauge 
parameter, which is infinitesimal. As for the left hand side, 

[8 Aa , 8 Af3 ] ^ = 5 Aa (iA * *) - 5 Af3 (iA a * tf ) 

= i {8 a A p - 5 P K) * ^ + [A a * A/?] * *. 
Equating the two expressions and dropping \1/ yields 

(S a A p - S A a ) -i[A a * A?} + iA [aA = . (2.11) 



An advantage of this formulation is that (|2.11 ) is an equation in A only, 



whereas (|2.3|) must be solved simultaneously in A and A4. If ( p.ll| ) is solved, 



P^ ) with tfn^ then yields an equation for A, and tfTty with (|21| for #. 



The Ghost Field and the Coboundary Op- 
erator 



It is advantageous to rewrite equations (|2.2j), ( |2T7| ) and ( |2.11| ) in terms of a 



ghost field in order to make explicit an underlying cohomological structure. 



Specifically, we replace the gauge parameter a with a ghost v, which is an 
enveloping algebra valued, Grassmannian fieldQ. We define a ghost number 
by assigning ghost number one to v and zero to a« and ip. The ghost number 
introduces a Z 2 grading, with even quantities commuting and odd quantities 
anticommuting. In our formalism, the gauge transformations fl2.1|) and ( |2.6|) 
are replaced by the following BRST transformations: 
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5 v v = iv 

8 v di = diV -i[ai,v] (3.1) 

5 v ip = ivip . 

We also take 8 V to commute with the partial derivatives, 

[8 v ,di\ = 0. (3.2) 

The operator S v has ghost number one and obeys a graded Leibniz rule 

W1/2) = (5 v fr)f 2 + {-l) de ^ h) h{8 v f 2 ) , (3.3) 

where deg(f) gives the ghost number of the expression /. One can read- 
ily check that S v is nilpotent on the fields a iy ip and v and therefore, as a 
consequence of ( p.3|) , we have 

5 2 v = . (3.4) 

Following the procedure outlined in the previous section, we characterize 
the SW map as follows. We introduce a matter field ^(ip, dip, ■ ■ ■ , a, da, ■ ■ •) 
and an odd gauge parameter A(v, dv, ■ ■ ■ , a, da, ■ ■ •) corresponding to ip and 
v in the commutative theory. A is linear in the infinitesimal parameter v and 
hence has ghost number one. As before, we require that the SW map respect 
gauge invariance 

6 A V = iA*V = 6 v V. (3.5) 

The consistency condition ( 2.10Q now takes the form 



5 2 A * = 8^ = , (3.6) 

and again it yields an equation in A only. Since 

= S A ^ = S A (iA * \l>) = iS v A *\I/ + A*A*\1> , 

1 In the U(l) case, the introduction of a ghost has been considered by Okuyama Jl2[. 



we can drop \l/ and obtain 

S V A = zA * A. (3.7) 



Once the solution of ( |3.7|) is known, one can solve the following equations 
for \1/ and the gauge field 

<J„tf = ik * * , <^A = dik-i [Ai * A] . (3.8) 

It is natural to expand A and Ai as power series in the deformation 
parameter 9. We indicate the order in 9 by an upper index in parentheses 






(«) _ „ , v^°° /i(") ( 3-9 ) 



Note that the zeroth order terms are determined by requiring that the SW 
map reduce to the identity as 9 goes to zero. Using this expansion we can 
rewrite equations (|3.7| ) and (|3.8|) as 



Mi B) -i[tU n) ] = tf B) (3 - 10) 



') J A ! J ^i > 



where, in the first equation, M^> collects all terms of order n which do not 
contain h^ n \ and similarly Jj\ collects terms not involving A\ . We refer to 
the left hand side of each equation as its homogeneous part, and to M^ and 
U\ as the inhomogeneous terms of ( |3.10| ). Note that M^- n ' contains explicit 



factors of 9, originating from the expansion of the Weyl-Moyal product ( |1.2|) . 
If the SW map for A is known up to order (n — 1), then M^ n > can be calculated 
explicitly as a function of v and a^. On the other hand, U- depends on both 
A and A iy the former up to order n and the latter up to order (n — 1). Still, 
one can calculate it iteratively as a function of v and Oj. 

The structure of the homogeneous portions suggests the introduction of 
a new operator A 

. J 8 V — i{v, •} on odd quantities , , 

H„- i[v, ■] on even quantities . 

In particular, A acts on v and a^ as follows 

Av = -iv 2 , Acii = diV . (3.12) 



As a consequence of its definition, A is an anti-derivation with ghost-number 
one. It follows a graded Leibniz rule identical to the one for S v ( |3.3|) . Another 
consequence of the definition ([3 .11 ) is that A is nilpotent 



A 2 = . (3.13) 

The action of A on expressions involving a, and its derivatives can also 
be characterized in geometric terms. Specifically, A differs from S v in that it 
removes the covariant part of the gauge transformation. Therefore, A acting 
on any covariant expression will give zero. For instance, if one constructs the 
field-strength, Fij = diCtj — djCLi — i[a i: ctj], one finds by explicit calculation 

AFij = 0. (3.14) 

It can also be checked that the covariant derivative, Di = di — i[ai, •], com- 
mutes with A 

[A,A] = 0. (3.15) 

In terms of A the equations ( |3.10| ) take the form 



AA (n) = rf n) . 



(3.16) 



In the next section, we will provide a method for solving these equations. 
Also note that since A 2 = 0, it must be true that 

AMW =0 

A£/ W = . (3 - 17) 



Indeed one should verify that Q3.17| ) holds order by order. If (|3.17| ) did not 
hold, this would signal an inconsistency in the SW map. 

Many authors have commented on the ambiguities of the SW map |3|, [5|. 
H [H|. At any particular order, the ambiguities can be seen as an invariance 
of ( |3.16| ) when A^ n -* is changed by an amount AS^ 

A (n) _> A (n) + AS (n) ^ (3^ 

which follows from the fact that A is nilpotent. Then the corresponding 
change in the potential is 

A (n ) _> A (n) + jj^n) _ (3^ 



This follows from the fact that the equation of order n for the gauge field is 
always of the form 

(3.20) 



AA (n) = AA (n) + 



where the ellipsis denotes terms which are explicitly ^-dependent. Notice 
that ( |3.19| ) is a consequence of the fact that the coboundary operator A 
commutes with the covariant derivative A- The ambiguities at order n also 
affect the solutions at higher order. 

These ambiguities can also be understood as an invariance of ( |3.7| ) 
and (f 



under the following transformations |13| 

A -^ G- l kG + iG- l 5 v G 
A, -> G- 1 A t G + i G^d, G 



(3.21) 



where all products are star products and G is an arbitrary element of the 
enveloping algebra with ghost number zero. Notice that G should also be 
unitary if we require that A and A4 remain real. 

To compare fl3.21| ) with ( |3.18| ) and ( |3.19| ) it is useful to introduce the 
operators 



A 



A = 



di-i[Ai*-] 

5 V - i[A * 
5 V - i{A 

A 2 = 0, 



for even quantities 
■} for odd quantities , 



(3.22) 
(3.23) 

(3.24) 



which satisfy 

[A, A] =0 

and which reduce to A and A in the limit of vanishing 9. Then (|3.21|) can 
be rewritten as 
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% S {n) , 



(3.25) 
(3.26) 

(3.27) 



and take ( 3.25 ) and (|3.26|) at order n. These ambiguities are of the form of 
a gauge transformation. Notice that in the particular case, AS 1 '"' = 0, A^ 
is modified while A^ n ^ is unaffected. 



In it has been observed that there are also other kinds of ambiguities, 
which don't have the form of a gauge transformation, but are of a covariant 
type. To see this, we rewrite the SW equation for A (|3.8|) using A 



AAi = <%A . (3.28) 

It is then possible to add to the gauge potential a quantity Si, 

A^Ai + S u ASi = , (3.29) 

while keeping A unchanged. 

4 The Homotopy Operator 

For simplicity, we begin by considering in detail the SW map for the case of 
the gauge parameter A. Much of what we say actually applies to the other 
cases as well with minor modifications. 

In the previous section, we have seen that order by order in an expansion 
in 6, the SW map has the form: 

AA (n) = M (n) , (4.1) 

where M^ depends only on A^ with i < n. Clearly, if one could invert 
A somehow, we could solve for A^ n \ But A is obviously not invertible, as 
A 2 = 0. In particular, the solutions of ( |4.1|) are not unique, since if A*™) is a 



solution so is A^ + AS 1 ^ for any S^ of ghost number zerof]. That is, A acts 
like a coboundary operator in a cohomology theory, and the solutions that 
we are looking for are actually cohomology classes of solutions, unique only 
up to the addition of A-exact terms. The formal existence of the SW map 
is then equivalent to the statement that the cycle M^ n > is actually A-exact 
for all n. Since we know that A 2 = 0, this fact would follow as a corollary 
of the stronger statement that there is no non-trivial A-cohomology in ghost 
number two. In other words, there are no A-closed, order n polynomials with 
ghost number two which are not also A-exact. To prove this stronger claim, 
we could proceed as follows. Suppose that we could construct an operator 
K such that 

KA + AK = 1. (4.2) 

2 These are precisely the ambiguities in the SW map that were first discussed in |5|, 
where our operator A was called 5' . 
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Clearly, K must reduce ghost number by one, and therefore must be odd. 
Consider its action on a cycle M, (so AM = 0) 

(KA + AK)M = AKM = M. (4.3) 

Therefore, M = AA, with A = KM, which not only shows that M is ex- 
act, but also computes explicitly a solution to the SW map. We note that 
this method of solution is nearly identical to the method used by Stora and 



Zumino [jTj] to solve the Wess-Zumino consistency conditions for nonabelian 
anomalies. In fact, it was the parallels between these problems that moti- 
vated the current approach. || 

We now proceed to construct K. First we notice that M^ 1 ' depends on 
v only through its derivative diV, as one can see by looking at the explicit 
expressions. The same is true for U^ since it depends on v only through A. 
It is convenient to define 

h = d { v , (4.4) 

so that M and Ui can all be expressed as functions of a%, h and their deriva- 
tives only. Furthermore, we rewrite M^ n > solely in terms of covariant deriva- 
tives, rather than ordinary ones. After these replacements, we may consider 
M^ an element of the algebra generated by Oj, bi, and D^. As explained in 
the next section this algebra is not free, but for the moment we ignore this 
issue. The action of the operator A takes on a particularly simple form in 
terms of these variables: 

A ai = bi, Ab i = 0, [A,A] = 0. (4.5) 

Let us first define an odd operator L, which obeys the super Leibniz rule, 
and satisfies 

La { = 0, Lb i = ai , [L,Di]=0. (4.6) 

Acting on either a or b, we have LA + AL = 1, but this is no longer true 
acting on monomials of higher order. The solution is to define 

K = D- l L , (4.7) 

where D~ x is a linear operator which when acting on a monomial of total 
order d in a and b multiplies that monomial by 1/d. In can be proven that 
K defined in this way satisfies ( |4.2| ) when acting on monomials of degree 
greater than or equal to one. Since L satisfies the Leibniz rule, we see that 
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L 2 = 0, by considering its action on the generators of the algebra ( |4.6| ). It 
then follows that 

K 2 = 0. (4.8) 

Notice that this prescription requires that we rewrite any expression involving 
ordinary derivatives in terms of covariant derivatives and gauge fields only. 



5 Constraints 

We have so far only considered the free algebra, generated by o« , bi and Di, 
where the construction of K was relatively simple. To show that our algebra 
is not free consider the following 

AFij = A (Didj - Djdi + i[a,i, a,-]) . ,_ y. 

= Dibj - Djbi +i[bi, a,] +i[ai, bj] . 

As an element of the free algebra, the right hand side is not zero, but ac- 
cording to ( p,14|) , the left hand side should be. The problem becomes more 



serious when one rewrites M^ in terms of the elements of the free algebra. 
Beyond first order, one finds that AM'"' is no longer zero in general, but 
vanishes only by using the following constraints 

[Fij, ■ ] - i[Di, Dj}{-) = , AF tJ = . (5.2) 

If AM'™' is not zero identically, K no longer inverts A when acting on M^ n \ 
and we no longer have a method for solving ( |3.16| ) for A^ n ^. The origin of the 
constraints can be traced to the fact that partial derivatives commute 

didj — djdi = , d^j — djbi = 0, (5.3) 

since bi = diV. This is no longer manifest in our algebra. In fact, written 
in terms of covariant derivatives, (|5.3|) becomes fl5.2|) . There seems to be no 
way to eliminate these constraints since K is not defined on v, but only on 
bi = diV. One might expect that at higher orders one would have to use 
additional constraints to verify that AM'"' vanishes, but this is not the case. 
For example, when one rewrites 

did k bj - djdA = (5.4) 
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in terms of covariant derivatives, the resulting expression is not an indepen- 
dent constraint, but can be written in terms of the two fundamental ones 



(M 



The reason why AM'™' is not zero in general is because the existence of 
the constraints allows us to write M^ in terms of the algebra elements in 
many different ways. Our goal will then be to define a procedure for writing 
M^ in terms of algebra elements so that AM'"' = 0, identically. We will 
describe two procedures. 

The first is the method used in |4[] to calculate some low order terms of 
the SW map. One begins by obtaining an expression for M^ in terms of the 
algebra elements. Generically, AM'"' will be proportional to the constraints. 
At low orders, once AM'"' is calculated, it is easy to guess an expression 
rrv n \ which is proportional to the constraints, such that the combination 
M( n ) _|_ m («) j s annihilated by A. Acting K on this new combination then 
gives the solution A^ n \ We believe this guessing method can be formalized, 
but at higher orders the second procedure which we will now describe seems 
to be more systematic. 

First we introduce a new element of the algebra, fj, which is annihilated 
by all the operators defined in previous sections 

Afij = Lftj = . (5.5) 

We also introduce a new constraint 

fa - F tJ = , (5.6) 

where F^ is considered a function of Di and a,. We want to show that using 
this enlarged algebra and the constraints we can rewrite M^ so that it has 
the following dependence 

M (n) = M ^{a,b,{D k a) s ,{D l b) s ,D h f) , (5.7) 

where the subscript s indicates that all the indices within the parentheses 
should be totally symmetrized. It would then follow that AM'"' depends 
on the same variables. Since it is impossible that AM™ contains any term 
antisymmetric in the indices of Da or Db, the constraints Q5.6| ) and ( |5.2|) 
cannot be generated. However, we may find that AM'"' is proportional to 
the following constraints 

[fij, ■ ] - z[A, Dj](.) = , Dif jk + Djf ki + D k ftj = . (5.8) 
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Since these constraints commute with the action of both K and A, if we 
add to M^ n ' a term proportional to ( |5.8| ), our result for A^ n ^ = KM^ 1 ' is 
unchanged. To show that we can actually write M in the form suggested 
above, we begin with an expression for M^ as found by expanding the star 

product 

M (n) = M (n)( a? (3*=)^ (0l) -v ) ? (5.9) 

where we choose to explicitly write the derivatives in symmetric form. By 
replacing d(-) — > D(-) +i[a, ■], and dv — * b the expression takes the form 

M (n) = M W( a) &5 (D k ) s a, (D l b) s ) . (5.10) 

The difference (D k a) s — D k a contains terms that are proportional to the 
antisymmetric parts of DD or Da. But using the constraints we can make 
the following substitutions 

[A, Dj](-) -*■ ~i[fij, ■ ] , DiQj - DjCii -> f i:j - i[ai, a 3 ] . (5.11) 

This must be done recursively since the commutator term involving a's above 
may again be acted on by D's. But at each step, the number of possible -D's 
acting on a is reduced by one. After carrying out this procedure M^ will 
have the form (|5.7| ). 
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